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JACOB'S LADDERS AND THE THREE-POINTS INTERACTION 
OF THE RIEMANN ZETA-FUNCTION WITH ITSELF 

JAN MOSER 



Abstract. It is proved that some set of the values of |£(cto + *¥?i(£))| 2 on 
every fixed line cr = <tq > 1 generates a corresponding set of the values of 
|£( 2 + H)\ 2 on the critical line a = ■* (i.e. we have an analogue of the Faraday 
law). 



1. The result 



Q^J • 1.1. Let us remind the theorem of H. Bohr (see |5], p. 253, Theorem 11.6(C)): 

The function £(s) attains every value a G C except infinitely many times in the 
strip a < a < 1 + S. At the same time, this theorem does not allow us to prove 
anything about the set of the roots of the equation 

|C(^o+*«)l = |o|. ^o 6 (1, 1 + S), 
i.e. about the roots lying on every fixed line a = ctq. 

>. 
C^> In this paper we will study more complicated nonlinear equation 

o" 

(N 

^ : (i.i) 



<, i \ + *« 



'■■[ \ + iv 



2 1 



-C(2cr) lnw, u, v > 0, a > a > 1 



f^ ' where a is an arbitrary fixed value. 

Remark 1. The theory of H. Bohr is not applicable on the equation (jl.ip . However, 
by the method of Jacob's ladders we obtain some information about the set of 
approximative solutions of this equation. 

^\. • 1.2. Let us remind that 

(1-2) z 2 (t) = ^, Vl (t) = i v ,(t) 

where 

Z\t) Z\t) 



(L3) ZW 2%Mt)] {l + 0(isi^)}lnt' 

(see pp, (3.9); [2], (1.3); [4], (1.1), (3.1)), and ip(t) is the solution of the nonlinear 
integral equation 



/ Z 2 (i)e~~*di = / Z 2 (t)d£. 

"'o Jo 
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1.3. 

Definition. If there are some sequences {wn(cro)}^Lo' { w n( cr o)}^Lo' G o > 1 f° r 
which the following condition are fulfilled 

(A) lim w n (cro) = 00, lira v n = oo, 

rj3 s \C (? + iUn(<ro))\ IC(CT0 + ^nK))| 2 1 

then we call each ordered pair [u n (ao] , v n (ao)] an asymptotically approximate solu- 
tion (AA solution) of the nonlinear equation (|l.lj) . 

The following theorem holds true. 

Theorem. Let us define the continuum set of sequences 

{K n (T)}™ =0) K n > Tofa] 

as follows 

^o = T, K 1 = K + X 1/3+2e , tf 2 = K 1+ Kl /3+2t , ..., 

K n+1 =K n + K^ 3+2e ,... . 

Then for every oq : uq > a > 1 there is a sequence {M n (tro)}^Loj u ri(co) 6 
(if n ,if n+ i) such that 

/ 15 n |C(| +^«(c r o))| |C( g o +iyiK(jp)])| 2 _1 AnlnATn 

1 ' j C(2a )]nu n (a ) ~ 2 V ln#„ 

holds true where <pi[u n {co)] S (^i(.K n ),y>i(.K' n +i)) and 
(1.6) p{[^„, Jf„ +1 ]; [ V j 1 (if„), ¥ > 1 (lif n+1 )]} - (1 - c)ir(K n ) -4 oo 

asn-i-oo where p denotes the distance of the segments, c is the Euler's constant 
and n(t) is the prime-counting function, i.e. the ordered pair 

[u n (a ),(pi[u n (a )}}; (fi[u n (a )] = V n (a ) 

is the AA solution of the nonlinear equation (jl.ljl . 

Remark 2. Let us point out that the formula (|1.5[) binds together the values of £(s) 
at three distinct points: at the point 1 + iu„(cro) lying on the critical line a = t>, 
and at the points Co + i(/?i[u„(<7o)], 2<ro lying in the semi-plane a > a > 1 . 

Remark 3. Since by the eq. (jl.51) we have 



(1.7) 



C^+^n^o)) 



(1.8) \£ (<ro + i<Pi[u n (vo)])\ 



C{2<7q) In u n (a ) 1 

2 IC (o"0 + »ViKi(ao)])| ' 

2 C(2o- )lnu„(cr ) 1 



2 |C(| + *«n(o- ))| 

then for the two parallel conductors placed at the positions of the lines a = \ 
and a = o~q > a > I some art of the Faraday law holds true: the sequence of 
the energies {|C( cr o + iipi[u n (ao)])\ 2 }^' =0 on a = cr generates the sequence of the 
energies {|C(| + * u n( CT o))| 2 }5£Lo ona = 2> ano - v * ce versa ( see P-7P - (|1.8[) : the energy 
is proportional to the square of the amplitude of oscillations). 
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2. The local mean-value theorem 
2.1. Let us remind that there is the global mean-value theorem (see [5], p. 116) 

|C(o- + ii)| 2 di = C(2cr), a> 1. 

However, for our purpose, we need the local mean- value theorem, i.e. the formula 
for the the integral 

rT+V 

/ \({a + it)\ 2 dt, a > 1. 

Jt 
In this direction, the following lemma holds true. 

Lemma. The formula 

r T+U 



(2.1) / |C(CT + ^)| 2 di = C(2a)[/ + C>(l) 

Jt 



IT 

holds true uniformly for T, U > 0, a > a, where a > 1 is an arbitrary fixed value. 
The O-constant depends of course on the choice of a. 

Remark 4. The formula (|2.1[) is the asymptotic formula for U > lnlnT, for example. 

2.2. Proof of the Lemma. Following the formula 



c( s ) = c^ + ^) = E^+^' ct>1 

we obtain 



n=l 



and 

(2.2) 



^-^ *—? [mnr \ m 

rT+U ( j N 

J 1 \ n m<n y ' rn , 

= C(2a)U + S(m<n) 
uniformly for T, U > 0. Let 

(2.3) S(m <n) = s(m<~ S )+s(~<m<n) =Si + S 2 - 

Since we have 2 < — in Si, and 

V— = 1 + V— <1+/ aT'd* = 1 



n G /_^i n a I a — 1 

n=l n=2 J x 



then 



We put 77i = n — r > 5 ; 1 < r < S in i>2 and we obtain as usual 

n 77 / r\ r 
In — = In = -In 1 > -. 

777 77 — r V 77/77 
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Next, we have 

Elnrt In 2 ^-v l nn m 2 f°° In a; 

n 2cr-l _ 2 2cr ~ 1 ^-^ n 2cr-l 2^°^" / X 2<T_1 



n=2 n=3 



2 



In 2 o-2ct+1 9- 2<T / 1 

" ln2 + 7 ^-— 7 =0(1); 2- CT e(0, 



2 2ct -! ct-1 (o--l) 2 V '2 

Then 

Finally, from ([12]) by (|T3 ], -([2~5 ]l the formula (JHHJ) follows. 

3. Proof of the Theorem 

3.1. Let us remind that the following lemma holds true (see [3], (2.5); [3], (3.3)): 
for every integrable function (in the Lebesgue sense) f(x), x £ [tpi(T), <fii(T + U)] 
the following is true 



(3.1) / f[ Vl {t)]Z 2 {t)dt = f(x)dx, U £ 0, — 
where t — tpi(t) ~ (1 — c)n(t). 

3.2. In the case f(t) = |C(o"o + it)\ 2 , U = U = T 1 /^ 2 ' we obtain from $H$ the 
following formula 

rT+Ua rtpi(T+U ) 

(3.2) / \((ao + i<Pi(t))\ 2 Z 2 (t)dt= / \((a +it)\ 2 dt. 



Since (see ((271]) ) 

rV i(T+(7 ) 



C(cr + ii)| 2 di = C(2 ( t ){^i(T + C/ ) - (^i(T)} + 0(1) = 

(3.3) ^en 

= ic(2a )C/ tan[«(r,[/ )] + O(l) 

where (see (11.21) ) 

<Pi(T + Uo)-<Pi(T) 1 y(T + t/p) - <p(T) 1 rr7 , rM1 

u = 2 u = 2 tan [«(r,c/ )], 

and (see [3], (2.6)) 

tan[o(r,J7 )] = l + o(J^), 
then (see ([OJ) ) 

| C (a + zi)| 2 di = -C(2a )f/ {l + O (^J j . 

Page 4 of [U 



Jan Moser 



Jacob's ladder . . 



3.3. Next, by the first application of the mean- value theorem we obtain (see (|1 .3[) . 

(ED 



T+Uo 



\Q{o a +i<p 1 (t))\ 2 Z 2 (t)dt = 



(3.5) 



T+U 



ei = ei(«7o;T,J7o) G(T,T + J7 ), 

and by the second application of this we obtain 



|C(o-o+»Vi(*))| 



i[- 2 +it 



dt, 



T+Uo 



\C(a +m(t))\ Q 



(3.6) = |C(*o+*¥>i(6))| s 



^2 +it 



1 



dt = 



CI 5 + * 



f/n 



6 =6(0-o;T,!7o) e (T,T + U ), Mb) 6 {<Pi(T),<Pi(T + U)); 
ln^i ~ln£ 2 - 
Hence, from (|3.5|> by (|3.6|l we have 



(3.7) 



T+C/o 



|C(a + z^i(i))| 2 ^ 2 (t)dt = 



|CK + ^ife))| 2 |C(i+^ 2 )| 



-C/n 



and from (3]5J) by ([3^3]) . (I3T71) we obtain 



(3.8) 



ICK + *¥>i(6))| 2 |C (£+*&)! _ 1 g f in In & 
C(2ao)ln^ 2 2 V In 6 



3.4. Now, if we apply (|3.8I) in the case (see (jl.41) ) 

[T,T + U ] -»• [^„,^„+i]; 6(^0) -+ 6,n(ff ) G (#», #„+!); 

C2,n(o-o) = U n ((7o), 

then we obtain (jl.5p . The statement (jTTTJ) follows from t — (fi(t) ~ (1 — c)ir(t). 

4. Concluding remarks 
Let us remind that in [IJ we have shown the following formula holds true 



2 ' 



P / 1 T 1 \ 

/ Z 2 (t)dt = <p 1 (T)\n<p 1 (T) + (c-\n2TT)tp 1 (T)+c + o( y -^ r ), Vl (T) 

where <pi(T) is the Jacob's ladder. It is clear that <fii(T) is the asymptotic solution 
of the nonlinear transcendental equation 

i-T 

Z 2 {t)dt = V(T) lnV(T) + (c - hi2n)V{T). 
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